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In a talk at the conference Geometrical Foundations of Gravity at Tartu 2017, it was
suggested that the affine spacetime connection could be associated with purely fictitious
forces. This leads to gravitation in a flat and smooth geometry. Fermions are found to
nevertheless couple with the metrical connection and a phase gauge field. The theory is
reviewed in this proceeding in a Palatini, and in a metric-affine gauge formulation.
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1. Introduction
Lie algebras are manifolds. In given a basis, a Lie algebra g defines a differential-
topological structure that is locally Euclidean. Besides a Euclidean intuition, a
principle of relativity is inbuilt into the definition of a manifold, as we can locally
map it into an infinite number of different coordinate systems which are all diffeo-
morphically related to each other, but none of which is a priori preferred over the
others [1].
To consider, say a vector field V a, one needs to set it in some frame, and to
refer to it in the manifold, the ”formal scaffolding” of some coordinate labels is
needed. Basically, a covector ea sets up a frame, and once it is considered as a
covector field ea(x
α), set up is a tangent frame bundle with the structure of the
g that transforms the field. In a representation furnished by some matrices Λab,
such that V a → ΛabV b for the vector, and ea → (Λ−1)baeb for the frame, the
invariance under these transformations reflects the arbitrariness in setting up the
frame. The same matrices can be used to carry out the diffeomorphisms, invariance
under which reflects the arbitrariness of the coordinate labels, and this way the
quotient of the infinite-dimensional diffeomorphism group and its linear subgroup
is realized non-linearly over those matrices. Still, it would be a mistake to think of
this as a Yang-Mills theory of the diffeomorphisms, for one reason the commutation
relations of the latter have nothing to do with the commutation relations of the g
[2]. However, symmetric teleparallelism may offer a totally new perspective to this.
1
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The symmetric teleparallel geometry was presented in an ingenious paper of
Nester and Yo [3]. The geometry is trivial, in the sense that there is no curvature
nor torsion. Technically, calculations in coordinates are ”legitimized” by bestowing
covariance on them. This allows the interpretation that in coincidence [4], we may
not only have undone the inertial (pseudo-)rotations of the frame, but also the
inhomogeneous inertial effects which are the result of the displacements of the
frame. Obviously, we would like to identify the coordinate and momenta that obey
the canonical commutation relations, to begin a quantum mechanical discussion
of spacetime and gravitation. As it is well known, General Relativity (GR) cannot
separate gravitation from inertial effects, but miraculously that becomes possible by
acknowledging the frame ea [5]. The association of the pure-gauge spin connection
with inertial effects has been clarified in depth in the context of teleparallel gravity
[6], where it is known e.g. that the suitable choice of the Lorentz reference frame
eliminates the divergent boundary terms in the action [7]. Yet, besides the flatness
of the connection, one may require its smoothness, in order to establish both the
canonical frame and the canonical coordinates.
This logic is supported by two very elementary findings in the resulting formu-
lation of GR [4]:
• the integrable general linear connection is a translation and
• GR is the unique translation-invariant metric quadratic form.
This may be explained better after introducing the connection below in Section 2.
We will consider paths on a manifold and deduce the gravitational force associated
with the geodesic connection according to the equivalence principle. In the following
Section 3 we take into account a metric and verify the second proposition above.
In a brief digression to field theory, we then also comment on the spectrum of more
general quadratic forms, and on the bootstrap of the unique invariant form. It is
useful to review symmetric teleparallelism in the metric-affine gauge formalism [8].
Especially, Adak et al used the language of differential forms to develop the theory
[9], from which our Palatini formulation recovers consistently a holonomic aspect as
will be verified in Section 4. There we also suggest a semi-simple extension towards
a more complete theory. In Section 5, fermions are incorporated by postulating
the Hermitian map between the 4-dimensional and a 2-dimensional (but complex)
general linear transformation. The main result of that Section, which is not new
either, is that spinors decouple from non-metricity - except for an imaginary one-
form which could, eventually, provide us the electromagnetic potential.
To conclude in Section 6, we speculate on the unitary foundation of physics
upon a perfect geometry, wherein the spacetime emerges as an integrable quotient.
2. Affine geometry
Let us draw a curve γ(t) : R→M on a manifoldM , see the left hand side of Fig.
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Fig. 1. A path is independent of its parameterization, and it has arbitrary coordinatizations. A
real projection corresponds to a scaling, and an imaginary projection corresponds to a phasing.
The gauge potential of the former will be introduced as Q in Section 4 and the gauge potential of
the latter will appear as iq in Section 5. The semi-metric connection has the components (10).
1. In the geometry of paths, the image of the curve describes the structure of the
path which is independent of its parameterization. This encapsulates an insight in
the approach of Ehlers, Pirani and Schild which separates the causal (i.e. conformal)
structure from the inertial (i.e. projective) structure, see [1,10]. We then consider
two coordinatizations for the curve γ(t), xµ and yµ, as in the right hand side of the
Fig. 1. If we denote
γµ(x) = xµ ◦ γ , γµ(y) = yµ ◦ γ , (1)
then it follows that the first derivatives transform linearly, so that we can write
γ˙µ(x) =
d
dt
γµ(x) , γ˙µ(y) =
(
∂yµ
∂xν
)
γ˙ν(x) , (2)
but the second derivatives have an inhomogeneous transformation property and we
have to write
γ¨µ(x) =
d2
dt2
γµ(x) , γ¨µ(y) =
(
∂yµ
∂xν
)
γ˙ν(x) +
(
∂2yµ
∂xαxβ
)
γ˙α(x)γ˙β(x) . (3)
To obtain a covariant definition of the acceleration we have to therefore acknowledge
the compensating field, Γµ, which has exactly this same transformation law,
Γµ(y) =
(
∂yµ
∂xν
)
Γν(x) +
(
∂2yµ
∂xαxβ
)
γ˙α(x)γ˙β(x) = Γµαβ γ˙
α(x)γ˙β(x) . (4)
In the second equality we have written the Γµ in its usual three-index form. In
the presence of this field, there now exists a definition of free motion: it occurs
along the geodesics of the connection Γµ, which are the paths γµ(x) obeying the
equation γ˙µ∇µγ˙α = γ˙µ (∂µ + Γµ) γ˙α = 0. Thus there exists a covariant definition
of acceleration, and the new covariant field, called Fµ, arises if we are forced to
describe the possible deviation from the geodesics.
The law of motion under the force, assuming a coupling constant m, must
have the form Fµ(x) = m(x¨µ − Γµ(x)). In the canonical three-dimensional case
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~γ(t) = ~x(t) : R → M ≃ R3, we recognise Newton’s law. If we set Γµ(x) = 0, we
are confined to an absolute coordinate system, a structure in Newton’s original for-
mulation not found from our M . On the other hand, in the 4-dimensional picture
where xµ is a Lorentz vector, the GR equation for a geodesic γµ = xµ, which reads
x¨α+Γαµν x˙
µx˙ν = 0, is obtained by setting Fµ(x) = 0 and using the proper time as
the parameterization ddt = x˙
µ∂µ. This is indeed in accordance with the integrable
gauge interpretation of the equivalence principle. A force would be related to the
derivatives of the connection (4), which cannot be made disappear by the diffeo-
morphism y ◦x. In the conventional geometrical interpretation of GR they give rise
to curvature, which however is not the property of an integrable connection.
The curvature and the torsion of a general affine connection (4) are defined as
Rαβµν = 2∂[µΓ
α
ν]β + 2Γ
α
[µ|λ|Γ
λ
ν]β , (5)
Tαµν = 2Γ
α
[µν] , (6)
respectively. The affine connection has a priori 64 degrees of freedom. If without
curvature, it can still contain the 16 free parameters that determine the general
linear transformation Λαβ generated from gl(4),
♭Γαµν = (Λ
−1)αβ∂µΛ
β
ν . (7)
If we further restrict torsion to zero, we fix the six more degrees of freedom (that
can be shown to be associated to the fixing of a Lorentz frame), since the solution
∂[µ(Λ
−1)βν] = 0 is that (Λ
−1)βν = ∂νV
β(x) for some four functions V β(x). These
functions we can clearly consider as the new coordinates in the transformation (4),
which is seen to represent the pure-gauge form of the gl(4,R) connection, where
the four V α(x) appear as Goldstone bosons. Evidently there emerges a structure
resembling the tetrad, components of the frame field, since we may see now the Λµν
as the components of a holonomic (co)frame field ea such that eaµ = ∂µy
a. Relations
between massless Goldstone bosons and the fields of the usual tetrad formulation of
GR have been clarified in the context of nonlinear realizations [11,12]. The tetrad
structure can elaborate the manifold into a soldered bundle, and it can induce a
spacetime metric. We will introduce the frame formalism for gravitation in Section
4 and for matter in Section 5.
3. Metric geometry
At this point we take into account a metric tensor gµν . As suggested above in Section
2, such an object can spontaneously emerge from an integrable affine connection.
In any case, having both these structures available, it is then possible to define the
non-metricity tensor
Qαµν = ∇αgµν , (8)
which exhibits only the effects of the connection that it has on magnitudes. In
accordance with our gauge interpretation of gravitation, we would like require the
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invariance of the theory under translations of the connection. It was shown in [4]
that there is a unique second-derivative quadratic form Q2 built from (8), which
turned out to be dynamically equivalent to GR. To introduce this Q2, consider
first the prototype non-metricity, given by the trace Qα = g
µνQαµν . The case that
Qαµν =
1
4Qαgµν is called semi-metric. Whereas generic non-metricity appears in
the connection asa
Lαµν =
1
2
Qαµν −Q α(µ ν) , (9)
in the semi-metric case it reduces to the scale connection
4Wαµν =
1
2
gµνQ
α − δα(µQν) . (10)
The quadratic form that decouples the flattened (7) and smoothened connection is
Q2 =
1
2
Qαβγ
(
Lαβγ − 4Wαβγ) . (11)
By effecting a translation of the Q-scalar by a Planck length ∼ 1/MPl, we obtain
Q2 → Qe−/M2PlQ, a possible ghost-free ultra-violet completion of the theory [13].
On the other hand, the tensor Pαµν ≡ (L−4W )αµν could be seen as the field excita-
tion of Qαµν , and the proposed ultra-violet completion as a non-local modification
of their constitutive relationb.
We may also consider more general constitutive relations. They can determined
from an action principle
∫
dnx
√−gf , where f is an invariant formed from the
metric tensor and its derivatives. An f defines the constitutive relation
Pαµν ≡ δf
δQαµν
, (12)
(where by variation we mean just the partial derivative unless the action is higher
order derivative). An ambiguity that arises in the definition of f , or equivalently,
in the constitutive relation (12), can be addressed if we insist on the geometric
preference for relations that trivialise the equation of motion for the connection,
∇µ∇ν
(√−gPµνα) = 0 . (13)
This is not a kinematical, but a dynamical equation because it depends upon the
action. Two variational methods have been considered recently that lead to this
result.
• The Palatini variation [4]. The variational degrees of freedom are the fields
in the f(gµν ,Γ
α
µν), and two Lagrange multipliers. Our action would be
aA metrical term is ”disformation”, an affine term is ”distortion” (into which with torsion though
is included the ”contortion”), and a material term is ”deformation”.
bBy the generalization of the teleparallel constitutive relation [14], the theory of non-local gravity
has been formulated, where infrared effects emerge and may simulate dark matter [15].
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then SQ =
∫
dnx
[
1
2
√−gf + λ βµνα Rαβµν + λ µνα Tαµν
]
. The desired geom-
etry is set with Lagrange multiplier (tensor densities), and a technical com-
plication in the complete analysis is that one needs to obtain the solutions
also for these fields. They turned out to be essential in the teleparallel Pala-
tini theory where they mediate the dynamics of the torsionc [4]. Teleparal-
lelism thus resolves the problem of non-propagating torsion [16].
• The inertial variation [17], see also [18]. The variational degrees of freedom
are the f(gµν ,Λ
α
β), where Λ
α
β is a Stu¨ckelberg field, restoring the available
gauge freedom. In Weitzenbo¨ck geometry it introduces an antisymmetric
tensor [17,18], and in the symmetric teleparallel geometry, a vector [4,13].
In this proceeding we call this vector V α. Our action could be written
just as SQ =
1
2
∫
dnx
√−gf(gµν , V α), since then the variations are a priori
restricted to take place within the torsion-free and curvature-free geometry.
Both methods also yield the metric field equation,
1√−g∇α
(√−gPαµν)− ∂f
∂gµν
− 1
2
fgµν = Tµν . (14)
In general, hypermomentum could be included as a source. The conservation of
the energy-momentum, defined for matter with a Lagrangian Lm in terms of the
metric-compatible covariant derivative Dµ as
Tµν =
−2√−g
δ
√−gLm
δgµν
, DµT µν = 0 , (15)
can be shown to result from the above two dynamical equations (13) and (14) by a
direct calculation, though it is less onerous to deduce it from the invariance of the
action [23].
Let us then take a look at the spectrum of a more generic constitutive relation.
Leaving out odd and higher derivative terms, the most general f may depend upon
the five invariants
A ≡ QαµνQαµν , B ≡ QαµνQµαν , (16a)
C ≡ QαQα, D ≡ Q˜αQ˜α , E ≡ Q˜αQα , (16b)
cFor analyses of the Lagrange multipliers in the context of Poincare´ gauge theory, see [19], and
for a metric-affine approach to teleparallelism, see [20]. The gauge symmetry of the multipliers
symmetric teleparallelism is also known [9] (the multipliers are introduced as λa and λab in section
4). In passing we mention the C-theories [21], where the connection is set to be compatible with a
rescaled metric gˆµν = Cgµν with a Lagrange multiplier. In the prototype f(gµν Rˆµν) models [22],
we then reproduce the Palatini version in the limit C = f ′ and the metric version in the limit
C = 1. We notice that these coincide in the case of the Hilbert action. There is however yet a
simpler C-theory, the C = 0 theory. It could provide an alternative means to trivialise the affine
geometry, and to covariantise the Einstein action.
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where we have defined the projective trace Q˜α = g
µνQµαν . For an f =
f(A,B,C,D,E) we obtain the non-metricity conjugate
Pα
µν = fAQ
µν
α + fBQ
(µ ν)
α + fCg
µνQα + fDδ
(µ
α Q˜
ν) + fEδ
(µ
α Q
ν) .
Consider the theory perturbatively. We perturb the metric gµν = ηµν+δgµν and the
inertial connection Λαβ = δ
α
β +∂αδV
β . It is then easy to see that the non-metricity,
at the linear order, is given as the partial derivative of the combination hµν = δgµν+
2δV(µ,ν), a ”Stu¨ckelbergised” metric, which is invariant under diffeomorphisms. In
fact the action is, to second order in perturbations,
2L = 1
2
a∂αhµν∂
αhµν + b∂αhµν∂
µhαν + c∂µh
µ
ν∂
νh+
1
2
d∂αh∂
αh+ δgµντ
µν ,(17)
where the coefficients of the quadratic terms appear as a = 2fA(0), b = fB(0) +
fD(0), c = fE(0) and d = 2fC(0). The kinetic term for the invariant combination
hµν can be inverted to find out the propagating degrees of freedom. We can read
the propagator Π(h) from the standard results [24] in terms of the spin projector
operators P (s) for the spin s
k2Π(h) =
1
a
P (2)+
1
a− bP
(1)+q−20
[
αP (0) + (a+ 3d)P (0¯) −
√
3(c+ d)P (×)
]
. (18)
The shorthands used are α = a + 2b + 2c + d and q20 = (a + 3d)α − 3(c + d)2. As
well-knownd this would propagate pathological vector modes unless the invariance
under transverse diffeomorphisms was restored by a + b = 0. We can extract the
metric propagator by integrating out the affine connection. The linearization of its
equation of motion (13) in terms of the gauge-invariant combination hµν is
0 = a∂νhνα+ b (∂α∂
µ∂νhµν +∂
νhνα)+ c (∂αh+ ∂α∂
µ∂νhµν)+d∂αh . (19)
The solution, plugged back back into an effective action for δg, implies the metric
propagator [13]
k2Π(δg) =
1
a
P (2) +
1(
a+ 3d− 3 c+dα
)P (0) . (20)
This contains no transverse modes. Thus, as could have been guessed, the vector
in (18) is due to the presence of the V α in the affine connection.
To end this subsection, we briefly consider the self-coupling of the linear theory,
as originally performed to GR by Deser [25]. If we were to present the field theory
of a rank-2 symmetric tensor hµν [26], and to supersede all absolute structures
with g-structures, we would avoid a partial derivative, and would understand the
dEven if the pole appears positive, the 4-vector in this (pseudo)-orthogonal representation splits
into two transverse 3-vectors with opposite kinetic terms unless a+ b = 0. Another remark is that
from the Π(2) we substract an unphysical scalar to obtain the graviton. Finally, it is not clear to
us whether the scalar modes would be problematical [24].
February 5, 2018 1:17 WSPC/INSTRUCTION FILE integrable
8 Tomi Koivisto
symmetry of the tensor already to imply the symbol ηµν of the (pseudo)-orthogonal
algebra. We would have presumably arrived at the quadratic theory
L0 = −1
2
∇αhµν
(
ηαβηµ(νηρ)σ + 2ηασην(ρην)β
)
∇βhρσ + hµντµν , (21)
which is invariant under the independent transformations of the rank-2 tensor hµν .
Sources τµν are included. Especially, the gravitational field is taken to couple to its
own energy-momentum. This is given by the variation wrt the metric ηµν because
the symmetric teleparallel geometry is non-orthonormal (or in terms of the frame
instead of the metric, anholonomic, see next Section 4). The prescription for a
Lagrangian L is
τµν = − 2√−η
∂(
√−ηL)
∂ηµν
, (22)
which was discussed in [27]. In the present case L = L0 in (21), we obtain an
expression of the form
τµν = Kµνκλαβρσ(∇αhκλ)(∇βhρσ) , (23)
with the tensor K constructed with only the ηµν . This formula should reproduce
the Tolman’s expression for the (pseudo-tensor of) gravitational energy-momentum
at the first non-trivial order. The tensor is self-coupled with the source τµν0 given by
(22) where now L = L0. We can then regard L1 = L0+λhµντ
µν
0 as the second-order
approximation to the theory. Again we have to take into account its self-coupling,
and now the source term τµν1 is given by the variation (22) with L = L1. We obtain
the next approximation, L2 = L1 + hµντ
µν
1 , then let it self-couple to get the L3,
and so on until L∞. The computation should be formally the same as in Ref. [27],
and the result should be L∞ = Q
2. In particular, the kinetic term corresponds
not to the Hilbert action but to the Einstein action, now in the covariantised form
(11). That had been pointed out in [27]. It is also known that by introduction of
a reference metric the Einstein action i.e. the {}{}-action can be promoted into a
covariant ΓΓ-action [28]. These results are now reached from a different geometric
foundation. Firstly, our general linear first principle has promoted the partial to
the gauge-covariant derivatives, and each of the infinite steps of the bootstrap
manifestly respects the symmetry. Secondly, the prescription (22) is a consequence
of the symmetric teleparallelism.
We notice also that there is a doubled symmetry of the linear action, and it
remains in the non-perturbative result (since the Q2 in the coincident gauge is
invariant up to a boundary term). This property is less transparent in GR, though
the bimetric variational principle reveals that there is pair of (massless) Fierz-Pauli
terms hiding in the Hilbert action [29]. We make a further remark in Section 5 when
equipped with some algebra.
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4. Metric-affine geometry
In this Section, an aim is to understand the symmetric teleparallel Palatini theory
from an anholonomic perspective of a metric-affine gauge theory. We will arrive at
three-form field equation (61) and at the four-form equation (62).
First recall algebra. Let jˆA be the elements of a basis of g. The expansion
coefficients of their brackets are known as the structure constants fCAB,
[jˆA, jˆB] = f
C
AB jˆC , (24)
and the structure is locally Euclidean, as desired, if it exhibits the antisymmetry
and the Jacobi closure,
fA(BC) = 0 , f
A
[BCf
D
E]A = 0 . (25)
The is metric defined as
ηAB = f
C
ADf
D
BC , (26)
and up to an overall constant, it is representation-independent and obtainable as
the trace of the commutator. The metric can be used also to lower and raise the
indices of the structure constants, and by using the Jacobi (25), one verifies that
the fABC = gADf
D
BC is totally antisymmetric fABC = f[ABC]. If g is semi-simple,
det g 6= 0, so an inverse ηABηBC = δAC exists and one can recover the structure
constants from the totally antisymmetric symbols.
Meanwhile in geometry, the connection is given by the dual one-forms γA of
the generators jˆA, and their algebra (24) is expressed for the connection as the
Maurer-Cartan structure equations,
dγA = −1
2
fABCγ
B ∧ γC . (27)
Their integrability, which follows from the Poincare´’s lemma d2 = 0, is the Jacobi
identity for the structure constants (25). A change of the connection results in
curvature, just as the Fµ in Section 2 arises to describe deviation from geodesics,
FA = dγA +
1
2
fABCγ
B ∧ γC , (28)
and using now the d2 = 0 is gives
dFA + fABCγ
B ∧ FC = 0 , (29)
which in geometry are known as the Bianchi identities. For a quotient construction,
one perhaps should assume an ideal a ∈ g such that the exponentiated group is
normal. Nevertheless, we shall extract the generators of the base M and of the
frame transformations from the same g. We denote αab the subset of the one-form
duals of the generators of a, and the rest as θa. They span, respectively, the fibers
and the cotangent spaces to M . Then we can write, for example,
FA =
1
2
FAabθ
a ∧ θb . (30)
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As we require the connection to remain horizontal, that is independent of the lifting,
the curvature does not include any of the fibre-spanning one-forms.
For example, the Poincare´ algebra iso(3, 1) of elementary particles is given by
the following commutation relations:
[rˆab, rˆcd] = 2
(
ηd[arˆb]c − ηc[arˆb]d
)
, [tˆa, rˆbc] = 2ηa[btˆc] , [tˆa, tˆb] = 0 , (31)
for the six generators rˆab of (pseudo)-rotations, for which rˆab = −rˆba, and the four
translation generators tˆa. Reading the structure constants from (31), we can obtain
the kinematics of the Poincare´ gauge theory [30]. In the general linear case, the
shear generators sˆab will complement the commutations relations (31) with
[sˆab, sˆcd] = 2
(
ηc(arˆb)d + ηd(arˆb)c
)
, (32a)
[sˆab, rˆcd] = 2
(
ηc(asˆb)d − ηd(asˆb)c
)
, (32b)[
tˆa, sˆbc
]
= 2ηa(btˆc) . (32c)
Note that the separation into symmetric and antisymmetric pieces is possible only
wrt some suitable orthogonal structure, such as the ηab which we have assumed,
though not its constancy. With this in mind, the connection can be decomposed
accordingly,
γ = θatˆa +
1
2
ρabrˆab − 1
2
σabsˆab , (33)
where we have now introduced the three sets of connection one-forms θa, ρab = ρ[ab]
and σab = σ(ab). The connection on the fibers is generated by any linear transfor-
mation α, and we have γ = θ + α. We call the components of the homogeneous
curvature as
T a = dθa +αab ∧ θb , (34)
Aab = dαab +αac ∧αcb . (35)
The Bianchi identities follow directly by the exterior derivatives, or using (29), as
dT a = θb ∧Aab −αab ∧ T b , (36a)
ηbcdRac = −2ρ [ac ∧Rb]c − 2σ [ac ∧ Sb]c , (36b)
ηbcdSac = 2σ
(a
c ∧Rb)c + 2ρ (ac ∧ Sb)c , (36c)
where we have further made explicit the decomposition into the ”metric” Rab and
”non-metric” Sab curvatures. It is useful to rewrite these with the fibre-covariant
exterior derivative D = d+α. They then assume the form
DT a = θb ∧Aab , DRab = −2σc[a ∧Ab]c , DSab = 2σc(a ∧A
b)
c . (37)
Note that by construction, T a = Dθa.
For concreteness, we will have a look at the gauge transformations. Consider
the transformation δǫ given by the parameters
{
ǫa, ǫab
}
,
ǫˆ = ǫatˆa +
1
2
ǫ[ab]rˆab +
1
2
ǫ(ab)sˆab . (38)
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For the gauge potentials we have the rule
δǫˆγ
A = −dǫA + fABCǫBγC , (39)
from which we obtain using again the commutations (31,32),
δǫˆθ
a = −dǫa + ǫacθc + ǫcAca , (40a)
δǫˆA
a
b = −dǫab + ǫacAcb + ǫbcAac . (40b)
These can be decomposed as follows:
δǫˆθ
a = −dǫa + ǫ[ac]θc − ǫ(ac)θc − ǫcρac + ǫcσac , (41a)
δǫˆρ
ab = −d(ηbcǫ[ac]) + ǫ[ac]ρ bc + ǫ[bc]ρac + ǫ(ac)σ bc − ǫ(bc)σ ac , (41b)
δǫˆσ
ab = −d(ηbcǫ(ac)) + ǫ(ac)ρ bc − ǫ(bc)ρac + ǫ[ac]σ bc + ǫ[bc]σ ac . (41c)
We note that when the potential σ vanishes, a shear transformation will not affect
the spin connection. By plugging these transformations (41) into the expressions
for the curvatures (35), we can obtain the behaviour of the latter under the action
generated by (38). The translations modify only the torsion,
δtˆT
a = ǫcF ac , δtˆA
a
b = 0 . (42)
We can verify the standard property of Lorentz transformations:
δrˆT
a = ǫabT
b , δrˆR
ab = ǫacR
cb + ǫbcR
ac , δrˆS
ab = ǫacS
cb + ǫbcS
ac . (43)
The non-Lorentzian transformation, in contrast, rotates the symmetric and anti-
symmetric curvatures into each other:
δsˆT
a = ǫabT
b , δsˆR
ab = ǫacS
cb − ǫbcSca , δsˆSab = ǫacRcb + ǫbcRca . (44)
The effect is non-trivial only for pure shear transformations. We can separate the
rescalings, also known as dilations, for which ǫab = 2δabǫcc = 2δ
abǫ, and see that
they leave both of the curvatures invariant. The torsion has the unit weight, but
the curvatures have the zero weight under rescalings.
The integrable geometry will be characterised by FA = 0 and the Maurer-
Cartan equations (27). Then the relations in the previous paragraph are all trivial,
but we should yet take into account the more elaborate structure due to the presence
of a metric. This naturally introduces the non-metricity one-form,
Dηab ≡ Qab . (45)
Its Bianchi identity is: DQab = Sab. It is conventional to consider the spacetime
metric through the projection of the frame fields as gµνdx
µ ⊗ dxµ = ηabea ⊗ eb.
However, we cannot identify the tetrad with the components of the translation
potential one-form, as seen from (41a). We need to introduce some vector V a, since
only then ℓea = θa +DV a has the correct transformation law (and with a scale ℓ,
it is dimensionless). Now a manifestation of the force appears in the torsion of the
frame, ℓDea = T a +Ab
aV b. If θa = 0, the V a corresponds to the radius vector in
Cartan geometry. The vector has a role of a Higgs field of translational symmetry,
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and it can be hidden into the translational piece of the connection in its nonlinear
realization [12]. Our interpretation is that the V α is a translation of the integrable
affinity that vanishes in coincidence [4].
Now with the metric and the tetrads at hand, the connection can be decomposed
further. The symmetric part splits into
σab =
1
2
(dηab −Qab) , (46)
wherein a closed form may enter in a non-orthonormal frame. The antisymmetric
part contains the cotorsion defined viaKab∧ea = T a, and the Levi-Civita one-form
defined via ωab ∧ eb = −dea. One obtains [9]
ρab = −i[adηb]cec + ωab +Kab + i[aQb]cec . (47)
This generalises the more familiar GR spin connection ωab to the general linear bun-
dle. Note that by definition, ω(ab) =K(ab) = 0, and these one-forms are introduced
via the frame field both in the same fashion.
We shall now specialise to the integrable connection, and can then set the con-
tortion of the connection to vanish. To make contact with the Palatini formulation
in Section 3, we note that since (45) is a tensor, we have simply Qαµν = e
a
µe
b
νQαab.
Then we see the tensor (9) appearing in the connection,
Lαµν = e
a
µe
b
ν
(
i[aQb]ce
c − 1
2
Qab
)
(∂α) . (48)
Now recall that the components of the full affine connection are given as
Γαµν = ea
αDµe
a
ν = −eaνDµeaα . (49)
In the orthogonal frame, the one-form (46) is nothing but (minus twice) the shear
gauge potential. We have then
Qab
♭⊥
= −2σab : Qαµν ♭⊥= ηab∂α
(
eaµe
b
ν
)− 2Γ(µ|α|ν) . (50)
The connection can now vanish if the non-metricity is cancelled by the anholonomy
(described by the Levi-Civita one-form ωab, often also written in terms of the Ricci
rotation coefficients). Defining ωαβµ = e
a
αe
b
βωabµ, the affine connection can be
expressed as
Γαµν
♭⊥
= eaαe
a
ν,µ + Lαµν + ωανµ . (51)
In the holonomic frame, we have instead
eaµ
♭h
= δaµ : Qαµν
♭h
= ∂αηµν − 2Γ(µ|α|ν) . (52)
and the affine connection is also related more straightforwardly to αab,
Γαµν
♭h
= Lαµν +
{
α
µν
}
(η) , (53)
where now appears the Christoffel symbol of the metric ηµν . The expressions (51)
and (53) provide equivalent interpretations of the same affine spacetime geome-
try, the former through a non-trivial projection of an internal geometry, the latter
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through a faithful projection of a non-trivial internal geometry. Note that our def-
inition of ”integrable” is not the same as ”pure-gauge” in the metric-affine theory,
which regards also the non-metricity as a gauge field strength, see in 3.15 in [8].
As noted there, the dηab 6= 0 in the holonomic frame can simulate non-metricity.
In symmetric teleparallelism, which can accommodate non-metricity, the two can
be made to cancel each other. As is suggested by the construction (47), the an-
holonomy ωab can simulate contorsionKab, but we see that the anholonomy in an
orthogonal frame can simulate non-metricity as well and cancel its distortion of the
connection.
We now consider the action principle of a symmetric teleparallel theory. Our 5
scalar invariants (16) can be rewritten as
A = 〈Qab,Qab〉 , B = 〈icQab, iaQbc〉 , (54)
C = ηabηcd〈Qab,Qcd〉 , D = ibQab, icQac , E = ηcdibQabiaQcd . (55)
Following Adak et al [9], we consider the Lagrangian four-form involving two La-
grange multiplier two-forms, λa, λab, and a matter four-form Lm,
L =
1
2
f(A,B,C,D,E) ∗ 1 + λa ∧ T a +Aab ∧ λab +Lm . (56)
Define the variations
Σa =
δf
δea
∗ 1 , Σab = δf
δαab
∗ 1 , τ a = δLm
δea
, τ ab =
δLm
δαab
. (57)
In terms of these three-forms, the field equations for the frame and the homogeneous
potential are, respectively
Σa +Dλa = τ a , (58)
Σab + e
a ∧ λb +Dλab = τ ab . (59)
The Lagrange multipliers set T a = Aab = 0. However, unlike in the Palatini formu-
lation [4], now they do not decouple from the dynamics. For the first equation, we
need the exterior derivative of λa. This can be deduced from the second equation
as
Dλa = ibD
(
Σba − τ ba
)
. (60)
The exterior gauge-covariant derivative of the left hand side vanishes identically,
which imposes an identity for the right hand side. Thus, combining the above
equation and its derivative, we can express the content of (58,59) without the
Lagrange multipliers:
ibDΣ
b
a +Σa = τ a + ibDτ
b
a , (61)
DibDΣ
b
a = DibDτ
b
a . (62)
These are equivalent to our two equations (13) and (14) in the Palatini formulation
(completed now including hypermomentum). Again, by the inertial variation one
could deduce the same two equations.
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Last, recall algebra. As we wish to extract the translations from the g, it should
have (at least) the rank 4. Consider thus the linear group with an extra dimension.
The sl(5) also has a non-degenerate Cartan-Killing form (26), so the metric as
well as the connection is gotten from the algebra. The translations are obtained
from the rotations around the extra dimension. Since there is also shear, another
set of translations appear, resembling ”the special conformal transformation” of
the orthogonal case with 2 extra dimensions. For concreteness, we have in mind
defining
xˆa = rˆa5 + sˆa5 , yˆa = rˆa5 − sˆa5 , zˆ = 1
2
sˆ55 . (63)
All the non-trivial commutation relations of the generators in this basis are:
[rˆab, rˆcd] = 2
(
ηd[arˆb]c − ηc[arˆb]d
)
, [sˆab, sˆcd] = 2
(
ηc(arˆb)d + ηd(arˆb)c
)
, (64a)
[sˆab, rˆcd] = 2
(
ηc(aq˜b)d − ηd(aq˜b)c
)
, [xˆa, rˆbc] = 2ηa[bxˆc] , (64b)
[yˆa, rˆbc] = 2ηa[byˆc] , [xˆa, sˆbc] = −2ηa(bxˆc) , (64c)
[yˆa, sˆbc] = 2ηa(byˆc) , [zˆ, xˆa] = −xˆa , (64d)
[zˆ, yˆa] = sˆa , [xˆa, yˆb] = 2(2ηabzˆ − rˆab − sˆab) . (64e)
With the two sets of translations, a quotient arises rather with 8 dimensions. Previ-
ously, an 8-dimensional quotient has been constructed in a sl(5) Yang-Mills theory
[31] via an Ino¨nu¨-Wigner contraction, trivialising the extra dimensions. In the con-
text of so(4, 2), a construction was called the biconformal gauging [32]. The flat
biconformal bundle was shown to feature the symplectic structure of a phase space,
and the trace one-form in a role similar to the electromagnetic fielde [32]. The con-
struction we propose is more straightforward than the previous ones in that it does
not introduce the additional one-form duals to the xˆa and yˆb. In the algebra (64),
these are already dual, 〈xˆa, yˆb〉 = δab . The generators of the co-tangent space can
be directly related to the translation gauge potentials, and vice versa. This ”phase-
spacetime” will be presented elsewhere, but in the next Section 5 we will approach,
with now a complex connection, the issue related to electromagnetism.
5. Spinor geometry
Up to now we have considered the vector geodesic connection, but we know that
matter fields are rather connected as spinors. Manifields are the infinite-dimensional
representations of the linear group, world spinors being the holonomic manifields
that represent the double cover of the group, see 4.1-4.7 in [8]. However, in this Sec-
tion we only aim to find the minimal gravitational coupling of fermions, and for this
eThe dilation curvature is of the form 1
4
dQ + ea ∧ @a, so flatness can be retained even when the
one-form Q = ηabQab has a non-trivial field strength. Lorentz force law and minimal coupling
are recovered [32]. It is also possible to employ the dilation-invariant metric g = ea ⊕ @a on a
four-dimensional quotient as in the ”conformalised GR” by Z los´nik and Westman [33], see [34] for
a related discussion.
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purpose consider a general linear transformation that is complex and 2-dimensional,
in concert with the real and 4-dimensional general linear transformation.
We set up a spinor frame eA and a co-spinor frame e
A, where A = 1, 2. Different
bases of the spinor and co-spinor frames are related by the ΛAB generated from
gl(2,C),
eA → ΛABeB , eA → eB(Λ−1)BA . (65)
Since the bundle is complex, we can find there also the complex conjugates of
each spinor and co-spinor space. Let us span the conjugate spinor bundle with the
”dotted spinor” frame @A˙ and the conjugate dual spinor bundle with the ”dotted
co-spinor” frame @A˙. The transformations of these frames are as obvious as (65)
We are then equipped with spinors with four types on indices on a principal fiber
bundle with the structure of gl(2,C). Of special interest are the Hermitian second-
rank spinors, due to to their celebrated isomorphism with vectors. The isomorphism
can be given by the Hermitian map [37]
ea = σ
A˙B
a @A˙ ⊗ eB . (66)
Explicitly, we have for any vector v = vaea = v
aσa
A˙B
@A˙ ⊗ eB, so that the spinor
components of the vector are vA˙B = vaσa
A˙B. Similarly for a covector, vA˙B =
vaσ
a
A˙B. The metric tensor of spacetime g = gµνdx
µdxν is real and constructed from
the complex spinor metric, I, as the direct product with the complex conjugate,
g = −I¯ ⊗ I. We arrive at a Penrose-Geroch spinorial deconstruction of Riemann’s
infinitesimal and relativistic generalization of the Pythagorean distance element:
g = −I¯ ⊗ I = −IA˙C˙IBD@A˙ ⊗ eB ⊗ @C˙ ⊗ eD . (67)
Being the tangent space equipped with the metric ηab, we can also display the
relation
g = ηabe
a ⊗ eb = ηabσaA˙BσbC˙D@A˙ ⊗ eB ⊗ @C˙ ⊗ eD . (68)
Fig. 2 illustrates some relationships between various frames on the manifold. On the
unitary case, see e.g. [35,36]. At the end of this Section we consider the hypermetric
extension where the elements in the above deconstructions could be picked from
distinct bundles.
Now we should introduce the two-component spinor fields, χ = χAeA and ξ =
ξA˙@
A˙, and form their direct sums Ψ = χ ⊕ ξ¯ and Ψ¯ = ξ ⊕ χ¯, to arrange the pair
into the 4-component Dirac spinor and its adjoint as
Ψ =
(
χA
ξA˙
)
, Ψ¯ =
(
ξA , χA˙
)
. (69)
In the transformation (65), the spinor components change obviously as
ξA → ΛABξB , ξA˙ → ΛA˙B˙ξB˙ , χA → χB(Λ−1)BA , χA˙ → χB˙(Λ−1)B˙A˙ . (70)
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@
A˙
eB
@C˙
eD
∗ ∗
IA˙C˙
IBD
@
A˙ ⊗ eB @C˙ ⊗ eD
[@]a [e]a
σaA˙B σaC˙D
[@]b [e]b
[η]ab [η]ab
⋆
o(1, 3) o(1, 3)
[q](a) [q¯](a)
≃ ≃
[q](a¯) [q¯](a¯)∗ ∗
⋆
u(2) u(2)
gl(2,C) gl(2,C)
@
a ea
Aµ Aµ
@b eb
gµν
so(1, 3) so(1, 3)
ηab ηab
dxµ ∂µ
@
a
µ ea
µ
xµ
T ∗ T
q(a) q¯(a)
κ κ¯
q(a¯) q¯(a¯)∗ ∗su(2) su(2)

a
 
at

γ
 
γ
Fig. 2. Relations of the various frames referred to in the text. The homothetic/orthogonal, the
general/special linear, and the general/special unitary cases can be all mapped into each other,
but there can be non-trivial global issues.
Let the spinor connection be
∗
ω. The covariant derivatives then act as
∗
DξA = dξA +
∗
ωABξ
B ,
∗
DχA˙ = dχA˙ +
∗
ω B˙
A˙
χB˙ . (71)
We split the connection into the trace-free sl(2,C) and the trace part as
∗
ωABµ = ω
A
Bµ +
1
2
δAB (κ+ iqµ) ,
∗
ωA˙
B˙µ
= ωA˙
B˙µ
+
1
2
δA˙
B˙
(κµ + iqµ) . (72)
The spinor connection has 16 complex, or 32 real components, and the two one-
forms κ and q contain 8 of these. The relation of the spinor and the vector connec-
tions is determined by the compatibility with the mapping (66)
ωAB = −
1
4
σ C˙Aa σ
b
C˙B
(
αab −
1
4
δab η
cdσcd
)
, (73)
ω B˙
A˙
= −1
4
σa
A˙C
σ B˙Cb
(
αab −
1
4
δab η
cdσcd
)
, (74)
κ =
1
2
ηabσab . (75)
The vector connection is therefore the mapping of the gl(2,C) connection which
loses the imaginary part of its trace. As noted in Ref. [37], the one-form q has
nothing to do with the affine connection.
We can now write down the Dirac Lagrangian with its linear kinetic term,
L =
i
2
e µa
(
Ψ¯γaDµΨ− (DµΨ¯)γaΨ
)−mΨ¯Ψ . (76)
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With our result for the relation of the connections, and some Clifford algebra, this
becomes
L =
1
2
Ψ¯
[
(i
↔
∂ µ + qµ)γ
µ − 1
3
γ5γdǫ
abcdαabµe
µ
c − 2m
]
Ψ . (77)
We confirm that the Dirac fermions couple only to the axial part of the spin connec-
tion, which generically consists of the rotation coefficients and the contorsion. They
are not affected by non-metricityf . The field equations, for the spinor components
rescaled by e
1
2 ,[
γµ(i∂µ +
1
2
qµ)− i
2
∂µγ
µ − 1
3
γ5γaǫ
abcdid (ωab +Kab)−m
]
e
1
2Ψ = 0 , (78a)
e
1
2 Ψ¯
[
γµ(i
←
∂ µ − 1
2
qµ)− i
2
∂µγ
µ +
1
3
γ5γaǫ
abcdid (ωab +Kab) +m
]
= 0 , (78b)
imply the conservation of the probability current
∂µj
µ = 0 , jµ =
√−gΨ¯γµΨ . (79)
In symmetric teleparallel geometry, we can set the contorsion to vanish. Because
the Qab has totally decoupled, the fermions see only the anholonomy of the affine
connection, ωab, and this part recovers the form of the standard minimally cou-
pled Dirac theory in curved spacetime. The only non-metric interaction with the
spacetime geometry is through the imaginary piece iq. Hayashi called this the
fermion-number gauge field, because its coupling is universal to all fermions [37]. In
particular, though the q enters precisely as the electromagnetic potential into the
Dirac equation, there is no obvious electromagnetic interpretation for this phase
coupling. However, Poberii has pointed out that one could enhance the symmetry
with complex rescalings of the spinor metric, to the effect that matter fields could
be assigned with the desired conformal weights [38].
We are contemplating the possibility that arises in the ”phase-spacetimes” dis-
cussed at the end of the previous Section 4. Underlying the bilateral frames ea and
@a, associated with the translation generators xˆa and yˆa in (63), respectively, there
would be a double set of spinor frames as wellg. The semi-simplicity guarantees an
invariant combination of the frames. For example the metric g = @a ⊗ ea is invari-
ant under the 5-dimensional linear transformation, but the metrics g+ = ea ⊗ ea
and g− = @a ⊗ @a are not. The metric g is ”neutral” to non-metricity, whilst the
f In the presence of non-metricity, the map (66) is not conserved: ∇ασβ
A˙B = Lαβ
µσµ
A˙B. It
seems to be possible to generalise this to ∇ασβ
A˙B = (Lαβ
µ + Nαβ
µ)σµA˙B , where Nα(βµ) = 0,
but where Nα[βµ] 6= 0 would then appear in the Dirac equation [38].
gThis gives 1-1 correspondence with the affine connection, which has double the number of in-
dependent components of the spinor connection. In fact only then can we arrange the ”concert”
in tune with the σ-isomorphism, since the compatibility Λabσ
bA˙
B = V
A˙
C˙
σbC˙DΛ
D
B allows to
coordinate V−1AB = Λ
A
B within sl(2,C) when the Λ
a
b has the antisymmetric generators in
so(3, 1) [37,38], but the shear generators in sl(3, 1) call for the independence of VAB and Λ
A
D
(while due to the dilation, we actually consider [ηab] not ηab).
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latter two tensors come with the opposite non-metric ”charges”. The same recipe
adapted to spinors yields two principal spinor frame bundles with opposite phas-
ings, and various associated spinor frame bundles which could accommodate matter
with different phase weights.
Note that the bilateral frame structure is common to all g’s with (non-
degenerate) metrics and of sufficiently high dimensions. The double-copy structure
of the metric amplitudes [39] which is also generic [40] is derived in an algebraic
framework supporting a metric for the gauge and the gravity theory. When the scat-
tering diagrams are suitably arranged by the antisymmetric and associative reason-
ing of the Lie algebra (25), the amplitudes can be matched by giving a double set of
kinematical indices for the fluctuation of the spacetime metric in comparison to the
gauge field fluctuation. This might reflect the double-diffeomorphism invariance of
GR that became manifest in the Q2-formulation of Section 3. There we witnessed
the covariant derivative ∇α of the improved field theory systematically copying the
translational symmetries of the kinetic terms.
6. Conclusions and perspectives
The equivalence principle states that gravitation is indistinguishable from accelera-
tion, and thus its effects can be locally transformed away by a diffeomorphic change
of coordinates [26]. In our interpretation, the former suggests that the gravitational
connection is a translation, and the latter suggests that the inertial connection is
integrable. This can be realised in the symmetric teleparallel geometry, as seen in
Section 2. We considered the Palatini theory of gravity in this geometry in Section
3, presenting the field equations (13) and (14). In Section 4 we in turn formulated
a symmetric teleparallel metric-affine gauge theory of gravitation, and derived its
field equations (61) and (62).
With an integrable gravitational connection, a concern arises about the coupling
of matter. Naively inserting the covariant derivatives of the gravitational connection
into action of matter fields would result in their trivial(izable) geodesic trajectories,
or add hypermomentum, both contradicting the usual conservation law (15). This
urged us to inquire the coupling of fermions. In Section 5 we took into account
a complex connection in an internal spinor space, and studied its relation to the
affine connection in the external spacetime. We found that the spinor connection
is oblivious to the non-metricity in the affine connection, but on the other hand,
possesses an independent piece of an imaginary non-metric potential. The grav-
itational coupling of the spinors thus turned out to be, in contrast to the naive
expectation, equivalent to GR. Yet, the semi-Hermitian connection with the imagi-
nary piece might link the electromagnetic phase to spacetime geometry, see however
[1,37,38,41,42].
As a repercussion of the Dirac equation, all matter at all scales exhibits chirality.
It is natural that the spacetime is also a number, namely, the quaternion of the uni-
tary su(2), rather than the 4-vector of the pseudo-orthogonal so(3, 1). The unitary
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spacetime would be non-vacuous! The cosmological constant would be topologically
excluded. This is a prediction of the Conformal Algebrodynamic Theory, where we
regard the external reality as an integrable quotient in a finite structure that is
intelligible as a semi-simple hypercomplex computation. Only recently were discov-
ered the four normed division algebras in mathematics, and the current standard
models of the four interactions in physics, but their essence and unity was known
to the ancients.
As Weyl explained, the elementary axiomatic grounding of geometry leads to
the abstract number concept [43]. In the case of plane projective geometry, the
incidence axioms alone lead to a number field, whose elements are dilations. Points
and lines are ratios and triples of such numbers that obey the incidence equation.
An interesting perspective to the path and its parameterizations in Fig. 1 is perhaps
that numbers are not subject to size relations in algebra. For the geometric numbers
to coincide with the continuum of ordinary reals, the axioms of order and continuity
would need to be invoked.
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